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About MI Lecture Note Series

The Math-for-Industry (MI) Lecture Note Series is the successor to the COE Lecture 
Notes, which were published for the 21st COE Program “Development of Dynamic 
Mathematics with High Functionality,” sponsored by Japan’s Ministry of Education, 
Culture, Sports, Science and Technology (MEXT) from 2003 to 2007. The MI Lec-
ture Note Series has published the notes of lectures organized under the following two 
programs: “Training Program for Ph.D. and New Master’s Degree in Mathematics as 
Required by Industry,” adopted as a Support Program for Improving Graduate School 
Education by MEXT from 2007 to 2009; and “Education-and-Research Hub for 
Mathematics-for-Industry,” adopted as a Global COE Program by MEXT from 2008 to 
2012.

In accordance with the establishment of the Institute of Mathematics for Industry (IMI) 
in April 2011 and the authorization of IMI’s Joint Research Center for Advanced and 
Fundamental Mathematics-for-Industry as a MEXT Joint Usage / Research Center in 
April 2013, hereafter the MI Lecture Notes Series will publish lecture notes and pro-
ceedings by worldwide researchers of MI to contribute to the development of MI.

October 2014
Yasuhide Fukumoto
Director
Institute of Mathematics for Industry
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最適化問題とは？

最適化問題とは？

最適化問題 = 「入力」+「目的」
入力：解の候補集合 F と目的関数 f : F → R
目的：f(x)を最小化する x ∈ F を見つける

例１：
F = {x ∈ R | −1 ≤ x ≤ 1}, f(x) = x2 − x

例２：
F =

{
X ⊆ N |

∑
i∈X

c(i) ≤ B
}
, f(X) = B −

∑
i∈X

c(i)

ただしN =有限集合, B ∈ Z+, c : N → Z+
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線形計画問題とは？

線形計画問題とは？

f や F が「線形」である最適化問題

f = x1 + x2

x1

x2

F

f = x1 + x2

x1

x2

F

x∗

本講義：線形計画問題の基礎と理論的応用とソルバー
6 / 52

最適化問題とは？

最適化問題を形式的には以下のように書く

Minimize f(x)

subject to x ∈ F

- “Minimize”は最小化を表しその横に目的関数を書く
- “subject to”のところに制約を書く
集合ではなく幾つかの式でかかれることもある

f(x)の最小値を達成する x∗ ∈ F を最適解とよぶ
最適解 x∗に対して f(x∗)を最適値とよぶ

注意：実は色々細いことがあります
最適解の存在性などなど

5 / 52
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線形計画問題の例

必要な栄養をとれる食事を考える問題

食品 A：価格 = 2, 栄養 1 = 3, 栄養 2 = 2

食品 B：価格 = 3, 栄養 1 = 2, 栄養 2 = 6

必要な栄養量：栄養 1 = 5, 栄養 2 = 8

=⇒ 最小の価格で必要な栄養を確保するには？

以下のような線形計画問題になる

Minimize 2x1 + 3x2

subject to 3x1 + 2x2 ≥ 5

2x1 + 6x2 ≥ 8

x1 ≥ 0, x2 ≥ 0
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線形計画問題の例

必要な栄養をとれる食事を考える問題

食品 A：価格 = 2, 栄養 1 = 3, 栄養 2 = 2

食品 B：価格 = 3, 栄養 1 = 2, 栄養 2 = 6

必要な栄養量：栄養 1 = 5, 栄養 2 = 8

=⇒ 最小の価格で必要な栄養を確保するには？

x1 = 食品 Aの量を表す変数
x2 = 食品 Bの量を表す変数
最小化する価格 = 2x1 + 3x2

制約 = 栄養 1：3x1 + 2x2 ≥ 5, 栄養 2：2x1 + 6x2 ≥ 8

7 / 52
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線形計画問題

線形計画問題

入力：
m× n行列A ∈ Qm×n

n次元ベクトル c ∈ Qn

m次元ベクトル b ∈ Qm

目的：
以下の最適化問題の最適解を求める

Minimize c⊤x

subject to Ax ≥ b

x ∈ Rn
+

10 / 52

行列を用いた表現

以下の線形計画問題を
Minimize 2x1 + 3x2

subject to 3x1 + 2x2 ≥ 5

2x1 + 6x2 ≥ 8

x1 ≥ 0, x2 ≥ 0

行列を用いて表現すると以下のようになる

Minimize

(
2
3

)⊤

·
(
x1

x2

)

subject to

(
3 2
2 6

)(
x1

x2

)
≥

(
5
8

)

(
x1

x2

)
≥

(
0
0

)
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線形計画問題に対するアルゴリズム

本講演の前提

線形計画法は理論・実用的に効率的に解ける

理論的なアルゴリズム
- 単体法，楕円体法，内点法
本講演 ̸= これらのアルゴリズムの解説
本講演 = 問題自体の理論的基礎・理論的応用
ソフトウェア
- CPLEX, Gurobi , GLPK

- PuLP (Python)

12 / 52

線形計画問題の基本性質

x ∈ Rnが線形計画問題の実行可能解
def⇐⇒ x ∈ Rn

+かつAx ≥ bを満たす

定理

任意の線形計画問題に対して以下の一つが成り立つ
1 実行可能解が存在しない
2 実行可能解が存在し目的関数の値に下界がない
3 実行可能解が存在し目的関数の値に下界がある
さらにこの下界を達成する実行可能解が存在

証明は省略

11 / 52
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PythonパッケージPuLP

線形計画問題を解くソフトウェア PuLP
- 正確には Pythonのパッケージ

インストールの仕方は例えば
sudo pip install pulp

以下では次の線形計画問題を PuLPで解いてみる

Minimize 8x+ 19y

subject to 2x+ 7y ≥ 40

6x+ 3y ≥ 50

x ≥ 0

y ≥ 0

14 / 52
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PuLPの使用方法

制約を定義
problem += 2*x + 7*y >= 40

problem += 6*x + 3*y >= 50

problem += x >= 0

problem += y >= 0

問題を解いて状況を確認して解を出力
status = problem.solve()

print(pulp.LpStatus[status])

print(pulp.value(problem.objective))

print(x.value())

print(y.value())

16 / 52

PuLPの使用方法

PuLPをインポートする
import pulp

問題そのものを作る
problem = pulp.LpProblem("P",pulp.LpMinimize)

変数を定義
x = pulp.LpVariable("x")

y = pulp.LpVariable("y")

目的関数を定義
problem += 8*x + 19*y

15 / 52
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全体のソースファイル

import pulp

problem = pulp.LpProblem("P", pulp.LpMinimize)

x = pulp.LpVariable("x")

y = pulp.LpVariable("y")

problem += 8*x + 19*y

problem += 2*x + 7*y >= 40

problem += 6*x + 3*y >= 50

problem += x >= 0

problem += y >= 0

status = problem.solve()

print(pulp.LpStatus[status])

print(pulp.value(problem.objective))

print(x.value())

print(y.value())
17 / 52
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最大流問題

最大流問題
∑

a∈δ(s) f(a)を最大化する s-t実行可能フローを求める

最大流問題は以下の線形計画問題に定式化できる

Minimize −
∑
a∈δ(s)

f(a)

subject to
∑
a∈δ(v)

f(a) =
∑

a∈ϱ(v)

f(a) (v ∈ V \ {s, t})

f(a) ≤ c(a) (a ∈ A)

f ∈ RA
+

20 / 52

有向グラフ

有向グラフD = (V,A)

V := 点集合と呼ばれる有限集合, A ⊆ V × V

特別な点 s, t ∈ V と関数 c : A → Q+ に対して

- 関数 f : A → R+が実行可能 s-tフロー def⇐⇒
∀a ∈ A : f(a) ≤ c(a)

∀v ∈ V \ {s, t} :
∑

a∈ϱ(v) f(a) =
∑

a∈δ(v) f(a)

s t s t

19 / 52
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Pythonによる実装例

problem += - x1 - x2

problem += x1 - x3 - x4 == 0

problem += x2 + x3 - x5 - x6 == 0

problem += x4 + x5 - x7 - x8 == 0

problem += x6 + x7 - x9 == 0

problem += x1 <= 1

problem += x2 <= 1

problem += x3 <= 1

problem += x4 <= 1

problem += x5 <= 1

problem += x6 <= 1

problem += x7 <= 1

problem += x8 <= 1

problem += x9 <= 1

22 / 52

Pythonによる実装例

import pulp

problem = pulp.LpProblem("P", pulp.LpMinimize)

x1 = pulp.LpVariable("x1")

x2 = pulp.LpVariable("x2")

x3 = pulp.LpVariable("x3")

x4 = pulp.LpVariable("x4")

x5 = pulp.LpVariable("x5")

x6 = pulp.LpVariable("x6")

x7 = pulp.LpVariable("x7")

x8 = pulp.LpVariable("x8")

x9 = pulp.LpVariable("x9")

21 / 52
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Pythonによる実装例

status = problem.solve()

print(pulp.LpStatus[status])

print(pulp.value(problem.objective))

print(x1.value())

print(x2.value())

print(x3.value())

print(x4.value())

print(x5.value())

print(x6.value())

print(x7.value())

print(x8.value())

print(x9.value())

答えとして−2が出れば正解

23 / 52
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NetworkX

辺を加える
G.add edge(’s’, ’1’, capacity=1)

G.add edge(’s’, ’2’, capacity=1)

G.add edge(’1’, ’2’, capacity=1)

G.add edge(’1’, ’3’, capacity=1)

G.add edge(’2’, ’3’, capacity=1)

G.add edge(’2’, ’4’, capacity=1)

G.add edge(’3’, ’4’, capacity=1)

G.add edge(’3’, ’t’, capacity=1)

G.add edge(’4’, ’t’, capacity=1)

最大流問題を解く
flow value, flows = nx.maximum flow(G, ’s’, ’t’)

結果を表示する
print(flow value)

26 / 52

NetworkX

インストールの仕方は例えば
sudo pip install networkx

Networkxをインポートする
import networkx as nx

空のグラフを用意する
G = nx.DiGraph()

点を加える
G.add node(’s’)

G.add node(’1’)

G.add node(’2’)

G.add node(’3’)

G.add node(’4’)

G.add node(’t’)
25 / 52
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全体のソースファイル

import networkx as nx

G = nx.DiGraph()

G.add node(’s’)

G.add node(’1’)

G.add node(’2’)

G.add node(’3’)

G.add node(’4’)

G.add node(’t’)

G.add edge(’s’, ’1’, capacity=1)

G.add edge(’s’, ’2’, capacity=1)

G.add edge(’1’, ’2’, capacity=1)

G.add edge(’1’, ’3’, capacity=1)

G.add edge(’2’, ’3’, capacity=1)

G.add edge(’2’, ’4’, capacity=1)

G.add edge(’3’, ’4’, capacity=1)

G.add edge(’3’, ’t’, capacity=1)

G.add edge(’4’, ’t’, capacity=1)

flow value, flows = nx.maximum flow(G, ’s’, ’t’)

print(flow value)
27 / 52
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端点解

線形計画問題の実行可能解 xが端点解 def⇐⇒
以下を満たす xと異なる実行可能解 y, zが存在しない
∃ε ∈ R s.t 0 < ε < 1 : (1− ε)y + εz = x

定理（証明略）

最適解が存在すれば端点最適解が常に存在する

f = x1 + x2

x1

x2

F

f = x1 + x2

x1

x2

F

x∗

29 / 52
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最大マッチング問題への応用

二部グラフ上の最大マッチング問題

入力：二部グラフG = (A,B;E)

目的：要素数が最大のマッチング

線形計画問題っぽく定式化してみる (整数計画問題)

Minimize −
∑
e∈E

x(e)

subject to
∑

e∈E : v∈e

x(e) ≤ 1 (v ∈ A ∪ B)

x ∈ {0, 1}E

注意：x ∈ {0, 1}の制約のある問題は一般には難しい
32 / 52

最大マッチング問題への応用

二部グラフG = (A,B;E)

- A ∩ B = ∅を満たす有限な点集合A,B

- 以下を満たす有限な辺集合E

∀e ∈ E : e ⊆ V, |e ∩ A| = |e ∩ B| = 1

M ⊆ Eがマッチング def⇐⇒
任意の v ∈ A ∪ Bに対して |{e ∈ M | v ∈ e}| ≤ 1

31 / 52
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証明

任意の端点解の任意の要素が整数であることを示す
整数ではない要素を含む端点解 xが存在すると仮定
F

def
= {e ∈ E | 0 < x(e) < 1}

以下の場合に分けて証明
- F の中に “サイクル”Cがある場合
=⇒ 2部グラフなのでCの長さは偶数

- F の中に “サイクル”がない場合

サイクル パス

34 / 52

最大マッチング問題への応用

x(e) ∈ {0, 1}を 0 ≤ x(e) ≤ 1に緩和

Minimize −
∑
e∈E

x(e)

subject to
∑

e∈E : v∈e

x(e) ≤ 1 (v ∈ A ∪ B)

x(e) ≤ 1 (e ∈ E)

x ∈ RE
+

=⇒ 問題は変わるが線形計画問題になる

定理

緩和しても最適解の目的関数値は変わらない

33 / 52
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証明：F の中に閉路がない場合

F の中の任意の極大な “パス”P (uからwへと仮定)
v ∈ {u, w}にはそれぞれ 1つの F の辺が入る
=⇒ この辺を δF (v)と書くと 1− x(δF (v)) < 1

α
def
= min{x(e) | e ∈ P}, β

def
= min{1− x(e) | e ∈ P}

ε
def
= min{α, β}

x+, x− def
= xに交互にM を足す・引くしたもの

=⇒ x+, x−は実行可能解かつ x = 1
2
(x+ + x−)

=⇒ xが端点解であることに矛盾

ε −ε ε −ε ε −ε

36 / 52

証明：F の中に閉路Cがある場合

α
def
= min{x(e) | e ∈ C}

β
def
= min{1− x(e) | e ∈ C}

ε
def
= min{α, β}

x+, x− def
= xに交互にM を足す・引くしたもの

=⇒ x+, x−は実行可能解かつ x = 1
2
(x+ + x−)

=⇒ xが端点解であることに矛盾

ε ε

−ε

−ε

−ε −ε

ε

ε

35 / 52
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線形計画問題の書き換え

行列Aの i行 j列を aijとかく
ベクトル bを b

def
= (b1, b2, . . . , bm)

⊤ と定義
ベクトル cを c

def
= (c1, c2, . . . , cn)

⊤と定義

この記法を使うと線形計画問題は以下のようになる

Minimize c1x1 + c2x2 + · · ·+ cnxn

subject to a1,1x1 + a1,2x2 + · · ·+ a1,nxn ≥ b1

a2,1x1 + a2,2x2 + · · ·+ a2,nxn ≥ b2
...

am,1x1 + am,2x2 + · · ·+ am,nxn ≥ bm

x1, x2, . . . , xn ≥ 0

38 / 52
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ラグランジュ緩和

他の制約も緩和してみる (ただし yj ≥ 0)

Minimize c1x1 + · · ·+ cnxn

+
m∑
j=1

yj(bj − aj,1x1 − · · · − aj,nxn)

subject to x1, x2, . . . , xn ≥ 0

項を並べ替えると

Minimize b1y1 + · · ·+ bmym

+
n∑

i=1

xi(ci − a1,iy1 − · · · − am,iym)

subject to x1, x2, . . . , xn ≥ 0

40 / 52

ラグランジュ緩和

先ほどの線形計画問題を緩和してみる

制約式 a1,1x1 + · · ·+ a1,nxn ≥ b1を取り除く
b1 − a1,1x1 − · · · − a1,nxn ≤ 0なので

=⇒ y1 ≥ 0を掛けて目的関数に足す

Minimize c1x1 + · · ·+ cnxn

+ y1(b1 − a1,1x1 − · · · − a1,nxn)

subject to a2,1x1 + a2,2x2 + · · ·+ a2,nxn ≥ b2
...

am,1x1 + am,2x2 + · · ·+ am,nxn ≥ bm

x1, x2, . . . , xn ≥ 0

39 / 52
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双対問題

以下の問題を元の問題の「双対問題」とよぶ
Maximize b1y1 + b2y2 + · · ·+ bmym

subject to a1,1y1 + a2,1y2 + · · ·+ am,1ym ≤ c1

a1,2y1 + a2,2y2 + · · ·+ am,2ym ≤ c2
...

a1,ny1 + a2,ny2 + · · ·+ am,nym ≤ cn

y1, y2, . . . , ym ≥ 0

行列を使った表現は以下のようになる
Maximize b⊤y

subject to A⊤y ≤ c

y ∈ Rm
+

42 / 52

双対問題

この問題は元の問題の「緩和」
最適解の目的関数の値は下がっている
=⇒ 元の問題の最適解の目的関数の値の下界
良い下界が欲しいので

b1y1 + · · ·+ bmym

を最大化にする y1, y2, . . . , ym

しかし xi ≥ 0なので
ci − a1,iy1 − · · · − am,iym ≥ 0

じゃないと意味がない
⇐= いくらでも目的関数の値を小さくできる

41 / 52
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双対定理

x ∈ Rn
+

def
= 元の問題の実行可能解 (x∗ def

= 最適解)
y ∈ Rm

+
def
= 双対問題の実行可能解 (y∗ def

= 最適解)

定理：弱双対定理

c⊤x ≥ b⊤y

証明

c⊤x ≥ (y⊤A)x = y⊤(Ax) ≥ y⊤b = b⊤y □

定理：強双対定理（証明は省略）

c⊤x∗ = b⊤y∗
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ゼロ和ゲーム

利得の定義：(Rの戦略 {xi}, Cの戦略 {yi})

- Rの利得 :=
m∑
i=1

n∑
j=1

ai,jxiyj

- Cの損害 :=
m∑
i=1

n∑
j=1

ai,jxiyj

目的：

- Rの目的 := max
{xi}

min
{yj}

m∑
i=1

n∑
j=1

ai,jxiyj

- Cの目的 := min
{yj}

max
{xi}

m∑
i=1

n∑
j=1

ai,jxiyj
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ゼロ和ゲーム

入力：
- 行列A = (ai,j)i=1,...,m,j=1,...,n

- 行プレイヤー Rと列プレイヤー C
- ai,j = Cが Rに払う金額

考えるゲーム：
- Rの戦略
=⇒ 行集合 {1, 2, . . . ,m}上の確率分布

- Cの戦略
=⇒ 列集合 {1, 2, . . . , n}上の確率分布

45 / 52
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von Neumannの最大最小定理

先ほどの線形計画問題の双対問題は以下のようになる

Minimize α

subject to
n∑

j=1

aijyj ≤ α (i ∈ {1, 2, . . . ,m})

n∑
j=1

yj = 1

yj ≥ 0 (j ∈ {1, 2, . . . , n})

これは定理の右辺を求める問題
強双対定理より右辺と左辺が一致

□

48 / 52

von Neumannの最大最小定理

定理

max
{xi}

min
{yj}

m∑
i=1

n∑
j=1

ai,jxiyj = min
{yj}

max
{xi}

m∑
i=1

n∑
j=1

ai,jxiyj

左辺の問題は以下のように書ける
Maximize z

subject to
m∑
i=1

aijxi ≥ z (j ∈ {1, 2, . . . , n})

m∑
i=1

xi = 1

xi ≥ 0 (i ∈ {1, 2, . . . ,m})
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課題

課題 1

講演で紹介した線形計画問題の例をソルバーで解く

課題 2

以下の問題

Maximize z

subject to
∑m

i=1 aijxi ≥ z (j ∈ {1, 2, . . . , n})∑m
i=1 xi = 1

xi ≥ 0 (i ∈ {1, 2, . . . ,m})

の双対問題を導く

50 / 52

概要

1 線形計画問題とは
2 Pythonパッケージ PuLP
3 最大流問題
4 PythonパッケージNetworkX
5 端点解
6 最大マッチング問題
7 双対問題
8 ゼロ和ゲーム
9 演習
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課題 2の解答

よい上界を求めたいので min β

zは自由なので
∑n

j=1 yj − 1 = 0

xi ≥ 0なので意味があるためには
∑n

j=1 aijyj − β ≤ 0

以上より

Minimize β

subject to
n∑

j=1

aijyj ≤ β (i ∈ {1, 2, . . . ,m})

n∑
j=1

yj = 1

yj ≥ 0 (j ∈ {1, 2, . . . , n})

52 / 52

課題 2の解答

各 j = 1, 2, . . . , nに対して変数 yj ≥ 0を用意する
変数 βを用意する
問題を緩和すると

max z +
n∑

j=1

yj(
m∑
i=1

aijxi − z) + β(1−
m∑
i=1

xi)

整理すると

max β + z(1−
m∑
j=1

yj) +
m∑
i=1

xi(
n∑

j=1

aijyj − β)
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■

φα(θ)

D

ΓD

Γp

pN

b(θ)
uD ΓD0

Γp0

Ω0

Ω(φ)

x

(i+φ)(x)

Γ(x)

(a) ϕ (θ), θ : D → R (b) ( ) ϕ : Rd → Rd

1.1: d ∈ {2, 3} D,Ω0 ⊂ Rd

2 / 140
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§1

■ 1 [1, 1.1 ]

a = (a1, a2)
T

p = (p1, p2)
T

u = (u1, u2)
T

eY
l

(
a1 + a2 −a2

−a2 a2

)(
u1

u2

)
=

(
p1

p2

)
(1.1)

a u

p1 u1 u2a1

l

a2 p2

l

x

Γ1 Γ2
Γ0

1.1: 2 1
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■
• (§1) (§2)
• (§3, §4, §5, §6)
• (§7 ∼ §11)
• FreeFEM++ (§12)
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X = R2

D = {a ∈ X | a ≥ a0}

a0 = (a01, a02)
T
> 0R2

U = R2

1.2 ( )

X = R2 U = R2

min
(a,u)∈D×U

{f0 (u) | f1 (a) ≤ 0, 1.1}

a

6 / 140

1.1 ( )

2.4 1 l, Young eY, p ∈ R2

a ∈ R2

K (a)u = p (1.2)

u ∈ R2 (1.2) (1.1)

1.1 u ( )

f0 (u) =
(
p1 p2

)(u1

u2

)
= p · u,

f1 (a) = l (a1 + a2)− c1 =
(
l l

)(a1

a2

)
− c1

f0 f1

5 / 140
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§2

■ Newton [1, 3.3 , 3.5 ]

2.1 ( )

X = Rd f : X → R

min
x∈X

f (x)

x

8 / 140

1.3 ( )

1.2 l = 1, eY = 1, c1 = 1, p = (1, 1)
T, a0 = (0.1, 0.1)

T

a

0
0

1

15

a1

0

1

a2

f0(a1,1–a1)

f0(a1,a2)

˜

˜

10

5

1.2: (f0 (u (a)) f̃0 (a) )
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(2.1)

q (yg) = min
y∈X

{
q (y) =

1

2
y · (Ay) + g · y + f (xk)

}

yg ∈ X

g

X

f

y , �y�
X
=1

X �

�g�
X �

xk

R

2.1: g

X �

g

X

f

yg

R

q

xk

¯

2.2:
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f xk Taylor

f (xk + y) = f (xk) + g · y + o (∥y∥X)

g

yg · (Ay) = −g · y ∀y ∈ X ⇔ yg = −A−1g (2.1)

yg ∈ X A ∈ Rd×d

A = AT, ∃α > 0 : y · (Ay) ≥ α ∥y∥2
Rd ∀y ∈ X.

f (xk + ϵyg)− f (xk) = −ϵyg · (Ayg) + o (ϵ) ≤ −ϵα ∥yg∥2
X + o (ϵ) .

9 / 140
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■ f Hesse [1, 2.6 ]

• x ∈ X = Rd

• h = (h1, · · · , hn)T : X → Rn (n < d)

• x = (ϕ,u) ∈ X = Rd = Ξ× U = Rd−n × Rn (n < d)
ϕ ∈ Ξ u ∈ U

• h = (h1, · · · , hn)T : X → Rn = U ′

2.2 ( )

X = Rd f : X → R, h = (h1, · · · , hn)T : X → Rn (n < d)
x = (ϕ,u)

min
x∈X

{f (x) | h (x) = 0U ′}

12 / 140

g xk Taylor

g (xk + yg) = g +Hyg + o
(
∥yg∥X

)

g Hesse H Newton

g (xk + yg) = g +Hyg = 0X′

yg ∈ X

yg · (Hy) = −g · y ∀y ∈ X .

11 / 140

32



■ Lagrange ( )

x = (ϕ,u) ∈ X = Ξ× U 2.2 Lagrange

L (ϕ,u,v) = f (ϕ,u) + LS (ϕ,u,v) = f (ϕ,u) + v · h (ϕ,u)

v ∈ U Lagrange L

L ′ (ϕ,u,v) [φ, û, v̂]

= fϕ (ϕ,u) [φ] + LSϕ (ϕ,u,v) [φ]

+ fu (ϕ,u) [û] + LSu (ϕ,u,v) [û] (= 0 ⇐ fu + LSu (ϕ,u,v) = 0U ′ )

+ LSv (ϕ,u,v) [v̂] (= 0 ⇐ h (ϕ,u) = 0U ′ )

= g ·φ = f̃ ′ (ϕ) [φ] ∀ (φ, û, v̂) ∈ Ξ× U × U

f (ϕ,u (ϕ)) f̃ (ϕ)

14 / 140

2.2 Lagrange

L (x,λ) = f (x) + λ · h (x)

λ = (λ1, · · · , λn)T ∈ Rn Lagrange

2.3 ( 1 [1, 2.6.4])

f ∈ C1 (X;R) h ∈ C1 (X;Rn) x = (ϕ,u) ∈ X
huT (x) ∈ Rn×n x 2.2

Lx (x,λ) = 0X ,

Lλ (x,λ) = h (x) = 0U ′

λ ∈ Rn

2.3

L ′ (x,λ)
[
y, λ̂

]
= Lx (x,λ) [y] + Lλ (x,λ)

[
λ̂
]
= 0 ∀

(
y, λ̂

)
∈ X × U.

13 / 140

33



2.4 ( 2 [1, 2.6.6])

2.2 f ∈ C2 (X;R) h ∈ C2 (X;U)
x = (ϕ,u) ∈ S ∂Xh1 (x), . . . , ∂Xhn (x) 1

x

Lxx (x,λ) [y,y] ≥ 0 ∀y ∈ TS (x)

2.5 ( 2 [2, Theorem 2.3])

2.2 f ∈ C2 (X;R) h ∈ C2 (X;U) x ∈ X
∂Xh1 (x), . . . , ∂Xhn (x) 1 x 2.3

Lxx (x,λ) [y,y] > 0 ∀y ∈ TS (x)

(x,λ) x 2.2

16 / 140

■ Lagrange ( ) Hesse

S = {x ∈ X | h (x) = 0U ′} ,
TS (x) = {y ∈ X | hxT (x) [y] = 0Rn } .

h1x(x)
TS(x)

S

x1

x2

x3

x

y

2.3: S TS (x) (X = R3, n = 1)
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j ∈ {1, 2}

LS(ϕ,u) (ϕ,u,v) [φj , υ̂j ]

= LSϕ (ϕ,u,v) [φj ] + LSu (ϕ,u,v) [υ̂j ]

= LSϕ (ϕ,u,v) [φj ] + LS (ϕ, υ̂j ,v) = 0 ∀ (φj , υ̂j) ∈ TS (ϕ,u)

υ̂j = p (ϕ,u,v) [φj ] (2.3)

(2.3) (2.2) H Hesse

h (ϕ,u,v) [φ1,φ2] = φ1 · (Hφ2)

= L(ϕ,u)(ϕ,u) (ϕ,u,v) [(φ1,p (ϕ,u,v) [φ1]) , (φ2,p (ϕ,u,v) [φ2])]

= φ1 · (Hφ2) = f̃ ′′ (ϕ) [φ1,φ2] (f̃ (ϕ) = f (ϕ,u (ϕ)))

18 / 140

Hesse L (ϕ,u) 2

L(ϕ,u)(ϕ,u) (ϕ,u,v) [(φ1, υ̂1) , (φ2, υ̂2)]

= (Lϕ (ϕ,u,v) [φ1] + Lu (ϕ,u,v) [υ̂1])ϕ [φ2]

+ (Lϕ (ϕ,u,v) [φ1] + Lu (ϕ,u,v) [υ̂1])u [υ̂2]

= Lϕϕ (ϕ,u,v) [φ1,φ2] + Luϕ (ϕ,u,v) [υ̂1,φ2]

+ Lϕu (ϕ,u,v) [φ1, υ̂2] + Luu (ϕ,u,v) [υ̂1, υ̂2]

∀ (φ1, υ̂1) , (φ2, υ̂2) ∈ TS (ϕ,u) (2.2)

17 / 140
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■
u =K−1 (a)p f (u)

f̃ (a) = f (u (a)) = p ·
(
K−1 (a)p

)
=

l

eY

(
(p1 + p2)

2

a1
+
p2

2

a2

)

a

g =



∂f̃

∂a1

∂f̃

∂a2


 =

l

eY



− (p1 + p2)

2

a2
1

−p
2
2

a2
2


 (2.4)

20 / 140

■ [1, 1.1 ]

2.6 ( )

Ξ = R2 U = R2

min
(a,u)∈Ξ×U

{f (u) = p · u | K (a)u = p}

(a,u)

p1 u1 u2a1

l

a2 p2

l

x

Γ1 Γ2
Γ0

2.4: 2 1
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■ Lagrange

2.6 Lagrange

L (a,u,v) = f (u) + LS (a,u,v) = p · u+ v · (−K (a)u+ p)

v ∈ U Lagrange L

L ′ (a,u,v) [b, û, v̂]

= −
{
v ·

(
∂K (a)

∂a1
u

∂K (a)

∂a2
u

)}
b

+ p · û− v ·K (a) û (= 0 ⇐ KT (a)v = p )

+ v̂ · (−K (a)u+ p) (= 0 ⇐ K (a)u = p )

= g · b ∀ (b, û, v̂) ∈ Ξ× U × U (2.6)

g (2.4)

22 / 140

a

H =




∂2f̃

∂a1∂a1

∂2f̃

∂a1∂a2

∂2f̃

∂a2∂a1

∂2f̃

∂a2∂a2


 =

l

eY



2 (p1 + p2)

2

a3
1

0

0
2p2

2

a3
2


 (2.5)

a1, a2 > 0 H

21 / 140

37



j ∈ {1, 2}

LS(a,u) (a,u,v) [bi, υ̂j ] = v · {− (K ′ (a) [bi])u−K (a) (υ̂j)} = 0

∀ (bi, υ̂j) ∈ TS (a,u)

υ̂j = −K−1 (a) (K ′ (a) [bi]) =



−u1

a1
0

−u1

a1
−u2 − u1

a2




(
bi1
bi2

)
(2.8)

(2.8) (2.7)

h (a,u,v) [b1, b2]

= L(a,u)(a,u) (a,u,v) [(b1, υ̂1) , (b2, υ̂2)]

= b1 · (Hb2) (2.9)

H (2.5)

24 / 140

Hesse

S = { (a,u) ∈ Ξ× U | h (a,u) = 0U ′} ,
TS (a,u) = {(b, υ̂) ∈ Ξ× U | hau (a,u) [b, υ̂] = 0Rn } .

L (a,u) 2

L(a,u)(a,u) (a,u,v) [(b1, υ̂1) , (b2, υ̂2)]

= (L0a (a,u,v) [b1] + L0u (a,u,v) [υ̂1])a [b2]

+ (L0a (a,u,v) [b1] + L0u (a,u,v) [υ̂1])u [υ̂2]

=

(
b2

υ̂2

)
·
(
HLS

(
b1

υ̂1

))
∀ (b1, υ̂1) , (b2, υ̂2) ∈ TS (a,u) (2.7)

HLS =

(
LSaa LSau

LSua LSuu

)
= −


 0R2×2

(
vTKa1

vTKa2

)

(
KT

a1
v KT

a2
v
)

0R2×2



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2.8 ( )

xk ∈ S f0 (xk), fi1 (xk) = 0, · · · , fi|IA| (xk) = 0, g0 (xk),

gi1 (xk), · · · , gi|IA| (xk) A ∈ Rd×d

ca

q (yg) = min
y∈X

{
q (y) =

1

2
y · (caAy) + g0 (xk) · y + f0 (xk)

����

fi (xk) + gi (xk) · y ≤ 0 for i ∈ IA (xk)

}

xk+1 = xk + yg

2.8 Lagrange

LQ (y,λk+1) = q (y) +
∑

i∈IA(xk)

λi k+1 (fi (xk) + gi (xk) · y)

26 / 140

■ Newton [1, 3.7 , 3.8 ]

ϕ x

2.7 ( )

X = Rd f0, · · · , fm ∈ C2 (X;R)

min
x∈X

{f0 (x) | f1 (x) ≤ 0, · · · , fm (x) ≤ 0}

x

S = {x ∈ X | f1 (x) ≤ 0, · · · , fm (x) ≤ 0} ,
IA (x) = { i ∈ {1, · · · ,m} | fi (x) ≥ 0} =

{
i1, · · · , i|IA(x)|

}

25 / 140
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2.8 yg KKT

LQy (y,λk+1) = caAyg + g0 (xk) +
∑

i∈IA(xk)

λi k+1gi (xk) = 0X′ , (2.10)

LQλk+1
(y,λk+1) = fi (xk) + gi (xk) · yg ≤ 0 for i ∈ IA (xk) , (2.11)

λi k+1 (fi (xk) + gi (xk) · yg) = 0 for i ∈ IA (xk) , (2.12)

λi k+1 ≥ 0 for i ∈ IA (xk) (2.13)

28 / 140

X

X �

xkR

g2 g0

q0

f2+g2·yg=0

f1+g1·yg=0

g1

yg

2.5:
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(2) 状態決定問題を解いて，評価関数を計算する．

(4) 勾配法で設計変数の変動を求める．

(6) 設計変数を更新して (k+1)，(2) をおこなう．

(7) 終了条件

Yes

No

(3) 随伴問題を解いて，評価関数の勾配を計算する．

(5) Lagrange 乗数を求める．

(1)  初期設定 (k=0)

(8) 終了

(k+1→k)

2.6:

30 / 140

yg0, ygi1 , · · · , ygi|IA| i ∈ IA (xk)

ygi = − (caA)
−1
gi for i ∈ IA (xk) .

λk+1 ∈ R|IA| Lagrange

yg = yg (λk+1) = yg0 +
∑

i∈IA(xk)

λi k+1 ygi

(2.10) (2.11)




gi1 · ygi1 · · · gi1 · ygi|IA|
...

. . .
...

gi|IA| · ygi1 · · · gi|IA| · ygi|IA|







λi1 k+1

...
λi|IA| k+1


 = −




fi1 + gi1 · yg0

...
fi|IA| + gi|IA| · yg0




λk+1
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(2) 状態決定問題を解いて，評価関数を計算する．

(8) 終了条件

Yes

No

(4) 随伴問題を解いて，勾配とHesse 行列を計算する．

(1)  初期設定 (k=0)

(9) 終了

(k+1→k)

(5) Newton 法で設計変数の変動を求める．

(7) 設計変数を更新して (k+1)，(2) をおこなう．

(6) Lagrange 乗数を求める．

勾配法で設計変数の変動を求める．

随伴問題を解いて，勾配を計算する．

Lagrange 乗数を求める．

(3) 制約関数の
     Hesse 行列

Yes

No

2.7: Newton
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2.9 ( Newton )

xk ∈ X λk ∈ R|IA| KKT

HL (xk) =H0 (xk) +
∑

i∈IA(xk)

λikHi (xk)

q (yg) = min
y∈X

{
q (y) =

1

2
y · (HL (xk)y) + g0 (xk) · y + f0 (xk)

����

fi (xk) + gi (xk) · y ≤ 0 for i ∈ IA (xk)

}

xk+1 = xk + yg

A HL Newton
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0 1

a2

a1

a(0)=(1/2,1/2)T

0

1

bg0(0)a(1)

a=(2/3,1/3)T
a(2)λ1(1)bg1(0)

λ1(2)bg1(1)

bg0(1)

a(5)

0 1 2 3 4 5

0.90

0.95

1.00

C
os

t 
fu

n
ct

io
n

f0/f0 init

1+f1

Step number k

(a) (b)

2.9:
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■

0
0

1

15

a1

0

1

a2

f0(a1,1–a1)

f0(a1,a2)

˜

˜

10

5

2.8:
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§3
■ [1, 4.3 ]

• W k,p
(
Ω;Rd

)
: k p Ω → Rd

(Sobolev : (Banach ) )

• W 0,2
(
Ω;Rd

)
= L2

(
Ω;Rd

)

• W k,2
(
Ω;Rd

)
= Hk

(
Ω;Rd

)
: H1

(
Ω;Rd

)

(u,v)H1(Ω;Rd) =

∫

Ω

{
u · v +

(
∇uT

)
·
(
∇vT

)}
dx

(Hilbert )

• W 0,∞ (
Ω;Rd

)
= L∞ (

Ω;Rd
)
:

• W 1,∞ (
Ω;Rd

)
: Lipschitz

• C0,σ (Ω;R) : σ ∈ (0, 1] Hölder
(σ = 1 Lipschitz )

36 / 140

0 1

a2

a1

a(0)=(0.5,0.5)T

0

1

a(1)

bg0(0)

λ1(1)bg1(0)

λ1(2)bg1(1)

bg0(1)

a=(2/3,1/3)T
a(2)
a(3)

0 1 2 3

0.90

0.95

1.00

C
o
st

 f
u
n
ct

io
n

f0/f0 init

1+f1

Step number k

(a) (b)

2.10: Newton
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■

3.1 (Sobolev )

k ∈ {1, 2, · · · }, p ∈ [1,∞) k + 1− d/p ≥ k − d/q

W k+1,p (Ω;R) ⊂W k,q (Ω;R)

0 < σ = k − d/p < 1

W k,p (Ω;R) ⊂ C0,σ (Ω;R)
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x

f

x

f

(a) σ = 0.5 (b) σ = 1 (Lipschitz )

3.1: Hölder
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■ [1, 4.4 ]

Banach X

f (v) =

∫

Ω

uv dx = ⟨u, v⟩ ∀v ∈ X

f ( · ) = ⟨u, · ⟩ (u ) X ′

X ⟨·, ·⟩ : X ′ ×X → R ⟨·, ·⟩X′×X

40 / 140

3.2 (Hölder )

d ∈ N Ω Rd p, q ∈ (1,∞)

1

p
+

1

q
= 1

f ∈ Lp (Ω;R) g ∈ Lq (Ω;R)

∥fg∥L1(Ω;R) ≤ ∥f∥Lp(Ω;R) ∥g∥Lq(Ω;R)
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(3.1)

f (x+ y1) = f (x) + f ′ (x) [y1] + o (∥y1∥X)

o (∥y1∥X)

lim
∥y1∥X→0

o (∥y1∥X)

∥y1∥X
= 0Y
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3.3 (k Fréchet )

X Y R Banach x ∈ X B ⊂ X f : B → Y
y1 ∈ X

lim
∥y1∥X→0

∥f (x+ y1)− f (x)− f ′ (x) [y1]∥Y
∥y1∥X

= 0 (3.1)

f ′ (x) [ · ] ∈ L (X;Y ) f ′ (x) [y1] f
x Fréchet y2 ∈ X

lim
∥y2∥X→0X

∥f ′ (x+ y2) [y1]− f ′ (x) [y1]− f ′′ (x) [y1,y2]∥Y
∥y2∥X

= 0

f ′′ (x) [y1, · ] ∈ L (X;L (X;Y )) f ′′ (x) [y1,y2] f
x 2 Fréchet L (X;L (X;Y )) L2 (X ×X;Y )

k ∈ {3, 4, . . .} Fréchet f (k)
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U =
{
u ∈ H1

(
Ω;Rd

) �� u = 0Rd on ΓD

}
,

U (uD) =
{
u ∈ H1

(
Ω;Rd

) �� u = uD on ΓD

}
,

a(u,v) =

∫

Ω

S (u) ·E (v) dx,

l (v) =

∫

Ω

b · v dx+
∫

ΓN

pN · v dγ.

4.2 ( )

b ∈ L2
(
Ω;Rd

)
, pN ∈ L2

(
ΓN;Rd

)
, C ∈ L∞ (

Ω;Rd×d×d×d
)
, uD ∈ H1

(
Ω;Rd

)

a (u,v) = l (v) ∀v ∈ U

u ∈ U (uD)
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§4
■ [1, 5.4 ]

Ω ⊂ Rd ∂Ω Lipchitz

E (u) =
1

2

{
∇uT +

(
∇uT

)T
}
, S (u) = CE (u)

ΓD

Γp

pN

b

uD

Ω

4.1:

4.1 ( )

b : Ω → Rd, pN : ΓN → Rd,
uD : Ω → Rd

−∇TS (u) = bT in Ω,

S (u)ν = pN on ΓN,

u = uD on ΓD

u : Ω → Rd

43 / 140

48



■ [1, 5.3 ]

4.1 Dirichlet Neumann Γ̄N ∩ Γ̄D

B
b ∈ L2

(
Ω;Rd

)
u ∈ H2

(
Ω \ B̄;R

)

α

Γ1

Γ2

x0∈Θ

B(x0,r0)

θ

Ω

4.2: 2
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■ [1, 5.2 ]

4.3 (Lax-Milgram )

U Hilbert a l ∈ U ′

4.2 u ∈ U

4.4 ( )

4.2 |ΓD| > 0 u ∈ U (uD)

( ) Lax-Milgram

a (ũ,v) = l (v)− a (uD,v) l̂ (v)

□
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4.6 ( )

u x0

1 Γ1 Γ2 α < π

2 Γ1 Γ2 α < π/2

W 1,∞ (
B (x0, r0) ∩ Ω;R2

)
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B(x0,r0)

Ω

ΓN

ΓDB(x0,r0)

Ω

(a) α > π (b) α > π/2

4.3: 2

4.5 ( [1, 5.3.2])

u x0 u ∈ Hs
(
B (x0, r0) ∩ Ω;R2

)

1 Γ1 Γ2 α ∈ [π, 2π) s ∈ (3/2, 2]

2 Γ1 Γ2 α ∈ [π/2, π) s ∈ (3/2, 2]
α ∈ [π, 2π) s ∈ (5/4, 3/2]

47 / 140

50



■ [1, 8.1 ]

θ ∈ D ⊂ X X D

X = H1 (D;R) ,
D = X ∩W 1,∞ (D;R)

ϕ (θ) =
1

2
tanh θ +

1

2

( ) u

U =
{
u ∈ H1

(
D;Rd

) �� u = 0Rd on ΓD

}
,

U (uD) =
{
u ∈ H1

(
D;Rd

) �� u = uD on ΓD

}
,

S = U ∩W 1,2qR
(
D;Rd

)
, S (uD) = U (uD) ∩W 1,2qR

(
D;Rd

)

qR > d
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§5 [1, 8 ]

φ(θ)

D

ΓD

Γp

pN

b

uD

10
0 φ

�C�

φα�C�

0 2 4 6−2−6 −4

1.0

0.5

θ

φ

(a) (b) ϕ ϕα∥C∥ (c) (tanh θ + 1) /2

5.1: SIMP (solid isotropic material with penalization) θ : D → R
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■

f0 (θ,u) =

∫

D

b (θ) · u dx+

∫

ΓN

pN · u dγ −
∫

ΓD

uD · (ϕα (θ)S (u)ν) dγ,

f1 (θ) =

∫

D

ϕ (θ) dx− c1.

5.2 ( )

f0 f1

min
(θ,u−uD)∈D×S(uD)

{f0 (θ,u) | f1 (θ) ≤ 0, 5.1}

θ
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■ ( )[1, 8.8 ]

5.1 (θ )

α > 1 θ ∈ D, b (θ), pN

−∇T (ϕα (θ)S (u)) = bT (θ) in D,

ϕα (θ)S (u)ν = pN on ΓN,

u = uD on ΓD

u ∈ S (uD)
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L0 Fréchet

L ′
0 (θ,u,v0) [ϑ, û, v̂0]

= L0θ (θ,u,v0) [ϑ]

+ L0u (θ,u,v0) [û] (= 0 ⇐ L0 (θ,v0, û) = 0 ∀û ∈ U )

+ L0v0 (θ,u,v0) [v̂0] (= 0 ⇐ L0 (θ,u, v̂0) = 0 ∀v̂0 ∈ U )

=

∫

D

{
b′ · (u+ v0)− αϕα−1ϕ′S (u) ·E (v0)

}
ϑ dx

= ⟨g0, ϑ⟩ ∀ (ϑ, û, v̂0) ∈ X × U × U

f1 (θ)

f ′1 (θ) [ϑ] =

∫

D

ϕ′ϑ dx = ⟨g1, ϑ⟩ ∀ϑ ∈ X
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■ θ [1, 8.8 ]

f0 (θ,u) Lagrange

L0 (θ,u,v0) = f0 (θ,u) + LS (θ,u,v0)

LS 5.1 Lagrange

LS (θ,u,v0)

=

∫

D

{−ϕα (θ)S (u) ·E (v0) + b (θ) · u} dx+
∫

ΓN

pN · u dγ

+

∫

ΓD

{(u− uD) · (ϕα (θ)S (v0)ν) + v0 · (ϕα (θ)S (u)ν)} dγ
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(5.1)

L0θθ (θ,u,v0) [ϑ1, ϑ2] =

∫

D

− (ϕα (θ))
′′
S (u) ·E (v0)ϑ1ϑ2 dx, (5.2)

L0θu (θ,u,v0) [ϑ1, υ̂2] =

∫

D

− (ϕα (θ))
′
S (υ̂2) ·E (v0)ϑ1 dx, (5.3)

L0θu (θ,u,v0) [ϑ2, υ̂1] =

∫

D

− (ϕα (θ))
′
S (υ̂1) ·E (v0)ϑ2 dx, (5.4)

L0uu (θ,u,v0) [υ̂1, υ̂2] = 0 (5.5)

u− uD, v0 − uD, υ̂1 υ̂2 ΓD 0Rd
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■ θ Hesse

b θ (θ,u)

S = {(θ,u) ∈ D × S | LS (θ,u,v) = 0 for all v ∈ U } ,
TS (θ,u) = {(ϑ, υ̂) ∈ X × U | LSθu (θ,u,v) [ϑ, υ̂] = 0 for all v ∈ U }

L0 (θ,u) 2 Fréchet

L0(θ,u)(θ,u) (θ,u,v0) [(ϑ1, υ̂1) , (ϑ2, υ̂2)]

= L0θθ (θ,u,v0) [ϑ1, ϑ2] + L0θu (θ,u,v0) [ϑ1, υ̂2]

+ L0θu (θ,u,v0) [ϑ2, υ̂1] + L0uu (θ,u,v0) [υ̂1, υ̂2]

∀ (ϑ1, υ̂1) , (ϑ2, υ̂2) ∈ TS (θ,u) (5.1)
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f0 2 θ (5.8) (5.2) (5.1)

h0 (θ,u,v0) [ϑ1, ϑ2] =

∫

D

{
2
(ϕα (θ))

′2

ϕα (θ)
− (ϕα (θ))

′′

}
S (u) ·E (v0)ϑ1ϑ2 dx

=

∫

D

β (α, θ)S (u) ·E (v0)ϑ1ϑ2 dx

β (α, θ)

β (α, θ) = α (α+ 1)

(
1

2
tanh θ +

1

2

)α−2 (
sech2θ

2

)2

− α

(
1

2
tanh θ +

1

2

)α−1 (
−sech2θ tanh θ

)

5.2 (a) β (α, θ) > 0
S (u) ·E (v0) > 0 h0 (θ,u,v0) [ · , · ] X
1
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j ∈ {1, 2}

LSθu (θ,u,v) [ϑj , υ̂j ]

=

∫

D

{
− (ϕα (θ))

′
ϑjS (υ)− ϕα (θ)S (υ̂j)

}
·E (v) dx

= 0 ∀ (ϑj , υ̂j) ∈ TS (θ,u) (5.6)

v0 υ̂j Dirichlet (5.6)

S (υ̂j) = − (ϕα (θ))
′

ϕα (θ)
ϑjS (u) in D (5.7)

(5.7) υ̂j (5.4) υ̂1 (5.3) υ̂2

L0θu (θ,u,v0) [ϑ1, υ̂2] = L0θu (θ,u,v0) [ϑ2, υ̂1]

=

∫

D

(ϕα (θ))
′2

ϕα (θ)
S (u) ·E (v0)ϑ1ϑ2 dx (5.8)
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■ H1 H1 Newton [1, 8.6 ]

5.3 (θ H1 )

X 1 aX : X ×X → R gi (θk) ∈ X ′

aX (ϑgi, ψ) = −⟨gi (θk) , ψ⟩ ∀ψ ∈ X

ϑgi ∈ X

aX (ϑ, ψ) =

∫

D

(∇ϑ ·∇ψ + cDϑψ) dx

2.6

60 / 140

f1 (θ) 2 θ

h1 (θ) [ϑ1, ϑ2] =

∫

D

ϕ′′ (θ)ϑ1ϑ2 dx =

∫

D

−sech2θ tanh θϑ1ϑ2 dx

5.2 (b) h1 (θ) [ · , · ]

2

1

θ
0 1 2 3−1−3 −2

α=3

β

α=2

−0.2

−0.4

θ
0

1 2 3

−1−3 −2

φ��

0.4

0.2

(a) β (α, θ) (b) ϕ′′ (θ)

5.2: 2 θ

59 / 140

56



5.5 (θ H1 [1, 8.4.2, 8.5.5])

θ ∈ D 5.1 u S (uD) i ∈ {0, 1}
gi ∈ LqR (D;R) 5.4 ϑgi
ϑgi D \ B̄ W 1,∞ ϑgi f̃i (θ)

( ) Hölder gi ∈ LqR (D;R) ⊂ X ′

Lax-Milgram ϑgi ϑgi D \ B̄ W 2,qR

Sobolev

2− d

qR
= 1 + σ > 1 (σ ∈ (0, 1)) ⇒ W 2,qR

(
D \ B̄,R

)
⊂W 1,∞ (

D \ B̄,R
)

f̃i (θ + ϵ̄ϑgi)− f̃i (θ) = ϵ̄ ⟨gi, ϑgi⟩+ o (|ϵ̄|)

= −ϵ̄aX (ϑgi, ϑgi) + o (|ϵ̄|) ≤ −ϵ̄αX ∥ϑgi∥2
X + o (|ϵ̄|)

□62 / 140

5.4 (H1 θ H1 )

θ ∈ D gi ∈ X ′ ϑgi ∈ X

−∆ϑgi + cDϑgi = −gi in D,

∂νϑgi = 0 on ∂D.

φα(θ)

D

−gi

cD         

5.3: H1 H1
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■

¡D0 ¡p0

pN

0 200 400 600

評
価
関
数

f0/f0 init

1+f1/c1
1.0

0

0.2

0.4

0.6

0.8

1.2

H1勾配法H1 Newton 法

ステップ数 k

(a) (b)

(c) H1 (d) H1 Newton

5.4: 2
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5.6 (θ H1 Newton )

θk ∈ X λk ∈ R|IA| KKT

hL (θk) [ϑ1, ϑ2] = h0 (θk) [ϑ1, ϑ2] +
∑

i∈IA(θk)

λikhi (θk) [ϑ1, ϑ2] ∀ϑ1, ϑ2 ∈ X

aX : X ×X → R X 1

chhL (θk) [ϑgi, ψ] + caaX (ϑgi, ψ) = −⟨gi (θk) , ψ⟩ ∀ψ ∈ X

φgi ∈ X

2.7
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■ ( )[1, 9.11 ]

6.1 ( )

ϕ ∈ D, b (ϕ), pN (ϕ), uD (ϕ) C (ϕ)

−∇TS (ϕ,u) = bT (ϕ) in Ω(ϕ) ,

S (ϕ,u)ν = pN (ϕ) on Γp (ϕ) ,

S (ϕ,u)ν = 0Rd on ΓN (ϕ) \ Γ̄p (ϕ) ,

u = uD (ϕ) on ΓD (ϕ)

u ∈ S (uD)
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§6 [1, 9 ]

■ [1, 9.1 ]

ϕ ∈ D ⊂ X X D

X =
{
ϕ ∈ H1

(
Rd;Rd

) �� ϕ = 0Rd on Ω̄C0

}
,

D =
{
ϕ ∈ X ∩W 1,∞ (

Rd;Rd
) �� }

.

Ω̄C0 ⊂ Ω̄0

( ) u

U =
{
u ∈ H1

(
Rd;Rd

) �� u = 0Rd on ΓD (ϕ)
}
,

U (uD) =
{
u ∈ H1

(
Rd;Rd

) �� u = uD on ΓD (ϕ)
}
,

S = U ∩W 1,∞ (
Rd;Rd

)
,

S (uD) = U (uD) ∩W 1,∞ (
Rd;Rd

)
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■ [1, 9.11 ]

f0 (ϕ,u) Lagrange

L0 (ϕ,u,v0) = f0 (ϕ,u) + LS (ϕ,u,v0)

LS 6.1 Lagrange

LS (ϕ,u,v) =

∫

Ω(ϕ)

(−S (u) ·E (v) + b · v) dx+
∫

Γp(ϕ)

pN · v dγ

+

∫

ΓD(ϕ)

{(u− uD) · (S (v)ν) + v · (S (u)ν)} dγ
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■ [1, 9.11 ]

f0 (ϕ,u) =

∫

Ω(ϕ)

b · u dx+

∫

ΓN(ϕ)

pN · u dγ −
∫

ΓD(ϕ)

uD · (S (u)ν) dγ,

f1 (ϕ) =

∫

Ω(ϕ)

dx− c1.

6.2 ( )

f0 f1

min
(ϕ,u−uD)∈D×S

{f0 (ϕ,u) | f1 (ϕ) ≤ 0, 6.1}

Ω(ϕ)

67 / 140

60



GΩ0 = 2S (u)
(
∇uT

)T
,

gΩ0 = −S (u) ·E (u) + 2b · u,
gp0 = 2κ (pN · u)ν,
g∂p0 = 2 (pN · u) τ

70 / 140

b (ϕ), pN (ϕ), uD (ϕ) C (ϕ)

L ′
0 (ϕ,u,v0) [φ, û, v̂0]

= L0ϕ′ (ϕ,u,v0) [φ]

+ L0u (ϕ,u,v0) [û] (= 0 ⇐ L0 (ϕ,v0, û) = 0 ∀û ∈ U )

+ L0v0
(ϕ,u,v0) [v̂0] (= 0 ⇐ L0 (ϕ,u, v̂0) = 0 ∀v̂0 ∈ U )

= ⟨g0,φ⟩ (⇐ [1, 9.3.4 9.3.7] )

=

∫

Ω(ϕ)

(
GΩ0 ·∇φT + gΩ0∇ ·φ

)
dx

+

∫

Γp(ϕ)

gp0 ·φ dγ +

∫

∂Γp(ϕ)∪Θ(ϕ)

g∂p0 ·φ dς

∀ (φ, û, v̂0) ∈ Ξ× U × U
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f1 (ϕ)

f ′1 (ϕ) [φ] = ⟨g1,φ⟩ =
∫

Ω(ϕ)

∇ ·φ dx

f ′1 (ϕ) [φ] = ⟨ḡ1,φ⟩ =
∫

∂Ω(ϕ)

ν ·φ dγ
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b, pN, uD C u v0

qR > d W 2,2qR
(
Rd;Rd

)

L0ϕ∗ (ϕ,u,v0) [φ]

= ⟨ḡ0,φ⟩ (⇐ [1, 9.3.9 9.3.12] )

=

∫

∂Ω(ϕ)

ḡ∂Ω0 ·φ dγ +

∫

Γp(ϕ)

ḡp0 ·φ dγ +

∫

∂Γp(ϕ)∪Θ(ϕ)

ḡ∂p0 ·φ dς

+

∫

ΓD(ϕ)

ḡD0 ·φ dγ

ḡ∂Ω0 = (−S (u) ·E (u) + 2b · u)ν,
ḡp0 = 2 (∂ν + κ) (pN · u)ν,
ḡ∂p0 = 2 (pN · u) τ ,
ḡD0 = 2 {∂ν (u− uD) · (S (u)ν)}ν.
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(6.1) 2

L0ϕ′u (ϕ,u,v0) [φ1, υ̂2]

=

∫

Ω(ϕ)

[{
S (υ̂2)

(
∇vT

0

)T
+ S (v0)

(
∇υ̂T

2

)T
}
·∇φT

1

− (S(υ̂2) ·E (v0))∇ ·φ1

]
dx (6.2)
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■ Hesse [1, 9.11 ]

b = 0Rd (ϕ,u) (ϕ,u)

S = {(ϕ,u) ∈ D × S | LS (ϕ,u,v) = 0 for all v ∈ U } ,
TS (ϕ,u) = {(φ, υ̂) ∈ X × U | LSϕu (ϕ,u,v) [φ, υ̂] = 0 for all v ∈ U }

L0 (ϕ,u) 2 Fréchet

L0(ϕ′,u)(ϕ′,u) (ϕ,u,v0) [(φ1, υ̂1) , (φ2, υ̂2)]

= (L0ϕ′ (ϕ,u,v0) [φ1] + L0u (ϕ,u,v0) [υ̂1])ϕ [φ2]

+ (L0ϕ′ (ϕ,u,v0) [φ1] + L0u (ϕ,u,v0) [υ̂1])u [υ̂2]

= L0ϕ′ϕ′ (ϕ,u,v0) [φ1,φ2] + L0ϕ′u (ϕ,u,v0) [φ1, υ̂2]

+ L0ϕ′u (ϕ,u,v0) [φ2, υ̂1] + L0uu (ϕ,u,v0) [υ̂1, υ̂2]

∀ (φ1, υ̂1) , (φ2, υ̂2) ∈ TS (ϕ,u) (6.1)

(6.1) 1
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v ∈ U (6.3)

S (υ̂j)
(
∇vT

)T

=
{(

∇φT
j

)T
S (u) +C

(
∇φT

j ∇uT
)s −∇ ·φjS (u)

}(
∇vT

)T
(6.4)

(6.3)

LSϕ′u (ϕ,u,v) [φj , υ̂j ]

=

∫

Ω(ϕ)

[
∇vTS (u)∇φT

j

+ S (v)
{(

∇uT
)T

((
∇φT

j

)T −∇ ·φj

)
−

(
∇υ̂T

j

)T
}]

· I dx

= 0
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j ∈ {1, 2}

LSϕ′u (ϕ,u,v) [φj , υ̂j ]

=

∫

Ω(ϕ)

{
S (u) ·

(
∇φT

j ∇vT
)s
+ S (v) ·

(
∇φT

j ∇uT
)s

− (S (u) ·E (v))∇ ·φj − S (υ̂j) ·E (v)
}
dx

=

∫

Ω(ϕ)

[{(
∇φT

j

)T
S (u) +C

(
∇φT

j ∇uT
)s − S (u)∇ ·φj

− S (υ̂j)
}(

∇vT
)T

]
· I dx

= 0 ∀ (φj , υ̂j) ∈ TS (ϕ,u) (6.3)

v υ̂j Dirichlet
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h0 (ϕ,u,v0) [φ1,φ2] = h0 (ϕ,u,v0) [φ2,φ1]

f0 Hesse

h0 (ϕ,u,u) [φ1,φ2]

=

∫

Ω(ϕ)

[
S (u) ·E (u)

{(
∇φT

2

)T ·∇φT
1 + (∇ ·φ2) (∇ ·φ1)

}

+
(
∇uTS (u)

)
·
{
∇φT

1

(
∇φT

2

)T
+∇φT

2

(
∇φT

1

)T
}

− 2 (S (u)E (u)) ·
{
∇φT

2 (∇ ·φ1) +∇φT
1 (∇ ·φ2)

}]
dx

∀φ1,φ2 ∈ X
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S (v)
(
∇υ̂T

j

)T

= ∇vTS (u)∇φT
j + S (v)

(
∇uT

)T
{(

∇φT
j

)T −∇ ·φj

}
(6.5)

(6.2) (6.4) (6.5) (6.1) 2
(6.1) 3 2 φ1

φ2 (6.1) 4 0
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■ H1 H1 Newton [1, 9.8 ]

6.3 ( H1 )

X 1 aX : X ×X → R gi ∈ X ′

aX (φgi,ψ) = −⟨gi,ψ⟩ ∀ψ ∈ X

φgi ∈ X

aX (φ,ψ) =

∫

Ω(ϕ)

{(
∇φT

)
·
(
∇ψT

)
+ cΩφ ·ψ

}
dx

2.6
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f1 (ϕ) Hesse

h1 (ϕ) [φ1,φ2]

=

∫

Ω(ϕ)

{
−
(
∇φT

2

)T ·∇φT
1 + (∇ ·φ2) (∇ ·φ1)

}
dx ∀φ1,φ2 ∈ X
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6.4 ( H1 Newton )

ϕk ∈ X λk ∈ R|IA| KKT

hL (ϕk) [φ1,φ2] = h0 (ϕk) [φ1,φ2] +
∑

i∈IA(xk)

λikhi (ϕk) [φ1,φ2]

∀φ1,φ2 ∈ X

aX : X ×X → R X 1

chhL (ϕk) [φgi,ψ] + caaX (φgi,ψ) = −⟨gi (ϕk) ,ψ⟩ ∀ψ ∈ X

φgi ∈ X

2.7
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ΓD(φ)

Γp(φ)

pN(φ)

b(φ)uD(φ)

Ω(φ)

ΓD(φ)

Γp(φ)=Γηi(φ)

(φ)

−gpi−gηi

−g∂pi−g∂ηi

−gΩi

cΩ−GΩi

(Á+')

(Á)

x '(x)

H1

(b,p,uD) → u gi → φgi Ω(ϕ) → Ω(ϕ+ ϵφgi)

(ζiu, ηiu) �→ vi

6.1: H1
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■

ΓD0

Γp0

ΓD0

pN

(a) (b) H1 (c) H1 Newton

6.2: 2 :
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■

• L = {1, 2, · · · , |L|} :
• Ω0l ⊂ Rd : l ∈ L t = 0

• Ω0
def
= {Ω0l}l∈L, ∂Ω0

def
= {∂Ω0l}l∈L

• X =
{
ϕ ∈ H1

(
Rd;Rd

) �� ϕ = 0Rd on Ω̄C0

}

• D =
{
ϕ ∈ X ∩W 1,∞ (

Rd;Rd
) �� }

• ϕl ∈ D Ωl (ϕl) = { (i+ ϕl) (x) | x ∈ Ω0l}

• ϕ def
= {ϕl}i∈L ∈ D|L|, Ω(ϕ)

def
= {Ωl (ϕl)}l∈L
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§7 [3]

Ω03

Ω01

b1

Ω02

Ω04

xJ1

xJ2

xJ3

pN3

Γp03

Ω2(φ2)

Ω1(φ1)

7.1: t = 0

85 / 140

69



• ul (ql,x) = xGl (t)− xGl (0) + θl (t) e3 × (x− xGl (0)) : ql Ωl (ϕl)
x

• Ω̃l (ϕl, ql) = {x+ ul (ql,x) | x ∈ Ωl (ϕl)} :
• Γ̃pl (ql) =

{
x+ ul (ql,x)

�� x ∈ ∂Ω0l ∩ Γp0

}
:

Neumann
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■

• xGl : (0, tT) → Rd : Ωl (ϕ)

• θl : (0, tT) → R : xGl

• ql (t) =
(
(xGl (t)− xGl (0))

T
, θl (t)

)T

: (0, tT) → RdF : Ωl (ϕ)

(dF = 3)

• q =
(
qT

1 , · · · , qT
|L|

)T

: (0, tT) → RdF|L| :

Q =

{
q ∈ H1

(
(0, tT) ;RdF|L|

) ����
(
q̇ (0)
q (0)

)
=

(
0
0

)}
,

Q0 =

{
q ∈ H1

(
(0, tT) ;RdF|L|

) ����
(
q̇ (0)
q (0)

)
=

(
q1

q0

)}
,

QT (q) =

{
r ∈ H1

(
(0, tT) ;RdF|L|

) ����
(
ṙ (tT)
r (tT)

)
=

(
q̇ (tT)
q (tT)

)}
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■

M (ϕ) = diag
(
m1 (ϕ1) ,m1 (ϕ1) , jG1 (ϕ1) ,

. . . ,m|L|
(
ϕ|L|

)
,m|L|

(
ϕ|L|

)
, jG|L|

(
ϕ|L|

))

ml (ϕl) =

∫

Ωl(ϕl)

ρl dx,

jGl (ϕl) =

∫

Ωl(ϕl)

ρl ∥x− xGl (0)∥2
Rd dx
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■

• J = {1, 2, · · · , |J |} :
• i ∈ J ul (ql,xJil)− um (qm,xJim) = 0R2 :

• T = {1, 2, · · · , |T |} :
• i ∈ T uTil (ql,xGl) = (xGlj (t)− xGlj (0)) · eTi = 0 :

• R = {1, 2, · · · , |R|} :
• i ∈ R θl (t) = 0 :

• ψ (q) = 0R|C| (C def
= ({1, 2} × J ) ∪ T ∪ R) :
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■

7.1 ( )

ϕ ∈ D|L| q0, q1 ∈ RdF|L|

(
ψ′ (q0) [q1]
ψ (q0)

)
=

(
0
0

)

rank ψqT (q0) = |C|
(
M (ϕ)

(
ψqT (q)

)T

ψqT (q) 0

)(
q̈
−µ

)
=

(
s

−ψ′′ (q) [q̇, q̇]

)
in (0, tT) ,

(
q̇ (0)
q (0)

)
=

(
q1

q0

)

(
qT,µT

)T
: (0, tT) → RdF|L|+|C|
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l ∈ L bl ∈ L2
(
(0, tT) ;L

∞ (
Rd;Rd

))
pNl ∈ L2

(
(0, tT) ;L

∞ (
Γp0l;Rd

))

sl =
(
sT

Fl, sMl

)T ∈ RdF

sFl =

∫

Ωl(ϕl)

bl (t) dx+

∫

Γp0l

pNl (t) dγ,

sMle3 =

∫

Ωl(ϕl)

bl (t)× (x− xGl (t)) dx+

∫

Γp0l

pNl (t)× (x− xGl (t)) dγ

s =
(
sT

1 , . . . , s
T
|L|

)T
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µJ2(q)

µJ1(q)

xG1(q)

xJ2(q)

xJ1(q) µR4e3

xG3(q) Ω03

µT3e2

(a) (b)

7.2:
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7.1 µ Lagrange
µ

µ =
(
µT

J1, . . . ,µ
T
J|J |, µ

T
T1, . . . , µ

T
T|T |, µ

T
R1, . . . , µ

T
R|R|

)T

∈ E

E = L2
(
(0, tT) ;R|C|

)

■

• : xJi ∈ Ωl (ϕ) µJi : (0, tT) → R2 xJi ∈ Ωm (ϕ)
−µJi (0, tT) → R2 ( 7.2 (a))

• : xGl ∈ Ωl (ϕ) µTiej ( 7.2 (b))

• : µRie3 on xGl ∈ Ωl (ϕ) ( 7.2 (b))
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7.2 ( )

7.1

LSr,η (q,µ, r,η) [r̂, η̂] = 0 ∀ (r̂, η̂) ∈ QT (0)× E

(q,µ) ∈ Q0 × E

96 / 140

7.1 Lagrange (q,µ, r,η) ∈ Q0 × E ×QT (q)× E

LS (ϕ, q,µ, r,η)

=

∫ tT

0

(
−q̈TM (ϕ) ṙ + µTψqT (q) ṙ + q̈T

(
ψqT (q)

)T
η +ψ′′ (q) [q̇, q̇] · η

+ ηTψqT (q) q̇ + r̈T
(
ψqT (q)

)T
µ+ψ′′ (q) [ṙ, ṙ] · µ+ s · ṙ

)
dt

+
1

2
q̇T (tT)M (ϕ) q̇ (tT) (7.1)

LSr,η (ϕ, q,µ, r,η) [r̂, η̂]

=

∫ tT

0

(
−q̈TM (ϕ) ˙̂r + µTψqT (q) ˙̂r + q̈T

(
ψqT (q)

)T
η̂ +ψ′′ (q) [q̇, q̇] · η̂

+ η̂TψqT (q) q̇ + ¨̂rT
(
ψqT (q)

)T
µ+ψ′′ (q)

[
˙̂r, ˙̂r

]
· µ+ s · ˙̂r

)
dt

∀ (r̂, η̂) ∈ QT (0)
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■

f̃ ′0 (ϕ) [φ] =
∑
l∈L

∫

Ωl(ϕl)

gM0l∇ ·φl dx =
∑
l∈L

⟨g0l,φl⟩ = ⟨g0,φ⟩

f̃ ′0 (ϕ) [φ] =
∑
l∈L

∫

∂Ωl(ϕl)

gM0lν ·φl dγ =
∑
l∈L

⟨ḡ0l,φl⟩ = ⟨ḡ0,φ⟩

gM0l = −
∫ tT

0

ρlul (q̈l) · ul (ṙ0l) dt

98 / 140

■

f0 (ϕ, q,µ) = −
∫ tT

0

s · q̇ dt,

f1 (ϕ) = c1 −
∑
i∈L

∫

Ωl(ϕl)

dx

7.3 ( )

Ω(ϕ)

min
(ϕ,q,µ)∈D|L|×Q0×E

{f0 (ϕ, q,µ) | f1 (ϕ) ≤ 0, 7.2}
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■
pN3 = (−0.2, 0)

T
N/mm θ1 (0) = 60◦ θ2 (0) = 150◦

0.2618rad/s θ1 (tT) = 73◦ ( )

7.3:
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§8 [4]

8.1:

102 / 140

7.5:
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8.1 ( )

ϕ ∈ D k ∈ {1, 2, · · · }
(sk, ûk) = (sk, ûR, ûP) ∈ C× S

s2kρRûR − (∇ · S (ûR))
T
= 0Rd in ΩR0,

s2ρPûP − (∇ · S (ûP))
T
= 0Rd in ΩP (ϕ) ,

S (ûR)νR = 0Rd on
(
∂ΩR0 \ Γ̄R0

)
,

S (ûP)νP = 0Rd on
(
∂ΩP (ϕ) \ Γ̄P0

)
,

S (ûR)νR = Re [α {(ûR − ûP) · νR}νR] on ΓR0,

S (ûR) τR = Re [µα {(ûR − ûP) · νR} τR] on ΓR0,

S (ûP)νP = α {(ûP − ûR) · νP}νP on ΓP0,

S (ûP) τP = −µα {(ûP − ûR) · νP} τP on ΓP0

ûR = ûP on (ΓR0 ∪ ΓP0) , û = 0Rd on ΓD0.
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R0P0

¡P0, ¡R0

Coulomb friction

¡D0 ¡P0

¡R0

®, ¹

ºP

¿P
ºP

¿R R0

P0

¡P0

P0

P(Á)=(i+Á)( 
 P0)

x

¡D0

(i+Á)(x)

(a) (b) Coulomb (c)

8.2:

■
( ) û Fourier

U =
{
û ∈ H1

(
Rd;Cd

) �� û = 0Cd on ΓD0

}
,

S = U ∩W 2,2qR
(
Rd;Cd

)
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■

8.1:

k Re Im

1 -1.692E+01 8.022947E+03

2 -1.444E+01 9.438261E+03

3 8.613E+00 1.249724E+04

4 -2.944E+01 1.437360E+04

5 -5.783E+01 1.629984E+04

6 -5.356E+01 2.168113E+04

7 -5.195E+01 2.394771E+04

8 -6.593E+01 2.573753E+04

9 -6.325E+01 2.711726E+04

10 -6.896E+01 2.893466E+04

k Re Im

1 -1.647E+01 7.745197E+03

2 -1.765E+01 1.027973E+04

3 -1.163E+01 1.110440E+04

4 -3.048E+01 1.503565E+04

5 -4.185E+01 2.092213E+04

6 -5.070E+01 2.186379E+04

7 -6.588E+01 2.671747E+04

8 -7.522E+01 2.756015E+04

9 -7.540E+01 3.137934E+04

10 -7.658E+01 3.320161E+04
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■
k

f0 (ϕ, sk) = 2Re [sk] = sk + sck,

f1 (ϕ) = −
∫

ΩP(ϕ)

dx+ c1.

8.2 ( )

ΩP (ϕ)

min
(ϕ,ϕ,sk)∈D×C×S

{f0 (ϕ, sk) | f1 (ϕ) ≤ 0, 8.1}
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(a) (b)

8.4: 3
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(a)

(a) (b)

8.3:
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M 0

Á(µ)º 0
º(µ)

M(µ)
x 1

x 2

t

h

¡D0

¡p0

pN

b

D

» 1

» 2

¹ 0(»)

»

x 1

x 2
x 3

¹

¹

9.2:
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§9 [5]

(a) (b)

9.1:
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θ

X (θ) =
{
θ ∈ H1 (D;R)

�� θ = 0 on D̄C0

}
,

D = X ∪W 1,∞ (D;R)

( ) û

U =
{
û ∈ H1

(
M (θ) ;R5

) �� û = 0R5 on ΓD (θ)
}

S = U ∩W 2,2qR
(
Ω(θ) ;R5

)
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■

M0 =
{
µ0 (ξ) ∈ R3

�� ξ ∈ D
}
,

Ω0 =
{
x+ ξ3ν0 (x) ∈ R3

�� x ∈M0, ξ3 ∈ (−t/2, t/2)
}

θ : D → R

ϕ (θ) =
h

π
tan−1 θ +

h

2

M (θ) =
{
(µ0 + ϕ (θ)ν0 ◦ µ0) (ξ)

�� ξ ∈ D
}

Ω(θ) =
{
x+ ξ3ν (x) ∈ R3

�� x ∈M (θ) , ξ3 ∈ (−t/2, t/2)
}
.
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■

f (θ, û) =

∫

M(θ)

(
b̄ · vM + p̄N3z − m̄ · r

)
dx

+

∫

Γp(θ)∩∂M(θ)

(p̄N · vM + p̄N3z − m̄ · r) dγ

9.2 ( )

θ

min
(θ,û)∈D×S

{f (θ, û) | 9.1}
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9.1 (Mindlin-Reissner )

θ ∈ D û ∈ S

−∇T
MŜM (û) = b̄T

−∇M ·m (û) = p̄N3

−∇T
MM (û) +m (û) = m̄T




in M (θ) ,

ŜM (û)νM = p̄N

m (û) · νM = p̄N3

M (û)νM = m̄T




on Γp (θ) ∩ ∂M (θ) ,

ŜM (û)νM = 0R2

m (û) · νM = 0
M (û)νM = 0R2




on
(
ΓN (θ) \ Γ̄p (θ)

)
∩ ∂M (θ) ,

û = 0R5 on ΓD (θ) .
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0.0Mpa

4.0Mpa

(a) (b) Mises

9.4:
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■

¡D

pN

pN

0.0Mpa

7.0Mpa

(a) (b) Mises

9.3:
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■

U =
{
u ∈ H1

(
Rd;Rd

) �� u = 0Rd on ∂Ω(ϕ)
}
,

U (uD) =
{
u ∈ H1

(
Rd;Rd

) �� u = uD on ∂Ω(ϕ)
}
,

S = U ∩W 1,∞ (
Rd;Rd

)
,

S (uD) = U (uD) ∩W 1,∞ (
Rd;Rd

)
,

P =

{
q ∈ L2

(
Rd;R

) ����
∫

Ω(ϕ)

q dx = 0

}
,

Q = P ∩ L∞ (
Rd;R

)

118 / 140

§10 [6]

Poiseuille
Reynolds Rec 40

10.1: Poiseuille
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u p x ∈ Ω(ϕ) τ ∈ [0,∞)

u (τ,x) = u (0,x) + esτ û (x) + es
cτ ûc (x) = u (0,x) + 2Re [esτ û (x)] ,

p (τ,x) = p (0,x) + 2Re [esτ p̂ (x)]

s ∈ C ( · )c û p̂

Û =
{
û ∈ H1

(
Rd;Cd

) �� û = 0Rd on ∂Ω(ϕ)
}
,

Ŝ = Û ∩W 1,∞ (
Rd;Cd

)
,

P̂ =

{
q̂ ∈ L2

(
Rd;C

) ����
∫

Ω(ϕ)

q̂ dx = 0

}
,

Q̂ = P̂ ∩ L∞ (
Rd;C

)
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10.1 ( Navier-Stokes )

ϕ ∈ D b, uD, µ ρ

ρ (u ·∇)uT −∇T
(
µ∇uT

)
+∇Tp = bT in Ω(ϕ) ,

∇ · u = 0 in Ω(ϕ) ,

u = uD on ∂Ω(ϕ) ,∫

Ω(ϕ)

p dx = 0

(u, p) ∈ S (uD)×Q
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■

f0 (sr) = sr + scr = 2Re [sr]

r Re[si]

10.3 ( )

Ω(ϕ)

min
(ϕ,ũ,p,sr,ûr,p̂r)∈D×S×Q×C×Ŝ×Q̂

{
f0 (sr)

�� 10.1, 10.2
}
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10.2 ( )

ϕ ∈ D (u, p) i ∈ {1, 2, · · · }

ρsûT
i + ρ (u ·∇) ûT

r + ρ (ûi ·∇)uT

−∇T
(
µ∇ûT

i

)
+∇Tp̂ = 0T

Rd in Ω(ϕ) ,

∇ · ûi = 0 in Ω(ϕ) ,

ûi = 0Rd on ∂Ω(ϕ) ,∫

Ω(ϕ)

p̂ dx = 0,

∫

Ω(ϕ)

ρûi · ûc
i dx = 1

si ∈ C (ûi, p̂i) ∈ Ŝ × Q̂
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10.3: Reynolds
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■

(a)

(b)

10.2: Poiseuille ( Re = 45)
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■

ϕ

X =
{
ϕ ∈ H1

(
D0;Rd

) �� ϕ = 0Rd on ∂D0 ∪ ∂F0 ∪ ∂G0 ∪ ΓC0 ∪ Ω̄C0

}
,

D =
{
ϕ ∈ X ∩W 1,∞ (

Rd;Rd
) �� }

.

U =
{
u ∈ H1 (D0;R)

�� u = 0 on ∂E (ϕ) ∪ ∂G (ϕ)
}
,

U (uD) =
{
u ∈ H1 (D0;R)

�� u = uD on ∂E (ϕ) ∪ ∂G (ϕ)
}
,

S = U ∩W 1,∞ (D0;R) ,
S (uD) = U (uD) ∩W 1,∞ (D0;R) ,

uD ∈ H1 (D0;R) ∩W 1,∞ (D0;R) ∂E (ϕ) u = α
∂G (ϕ) u = 0
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§11 [7]

E0

F0

G0 G0
G0

∂D0

Ω
0

11.1: Ω0 = D0 \
(
Ē0 ∪ Ḡ0

)
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11.2 ( )

ϕ ∈ D α

−∇ · e (uF) = 0 in Ω(ϕ) \ F0 = D0 \ (E (ϕ) ∪G (ϕ) ∪ F0) ,

∂νuF = 0 on ∂D0 (ϕ) ,

uF = α on ∂E (ϕ) ,

uF = 0 on ∂G (ϕ) ∪ F̄0

uF ∈ S (uD)
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11.1 ( )

ϕ ∈ D α

−∇ · e (u) = 0 in Ω(ϕ) = D0 \ (E (ϕ) ∪G (ϕ)) ,

∂νu = 0 on ∂D0 (ϕ) ,

u = α on ∂E (ϕ) ,

u = 0 on ∂G (ϕ)

, u ∈ S (uD)
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■

E0

F0

G0

0

@D0

¡C0

(a) (b)

11.2: 2
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■

f0 (ϕ, u, uF) = −∥u− uF∥2
H1(Ω(ϕ)\F0(ϕ);R)

= −
∫

Ω(ϕ)\F0

{
(u− uF)

2
+ (e (u)− e (uF)) · (e (u)− e (uF))

}
dx,

f1 (ϕ) =

∫

E(ϕ)

dx− s1

11.3 ( )

Ω(ϕ)

min
(ϕ,u,uF)∈D×S(uD)×S(uD)

{
f0 (ϕ, u, uF) | f1 (ϕ) ≤ 0, 11.1, 11.2

}
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(a) (b) ( )

11.3:
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(a) (b) ( )

11.6: (E (ϕ) ⊂ D0 \ Ω̄C0)
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11.5: 2 (E (ϕ) ⊂ D0 \ Ω̄C0)
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FreeFEM++

12 FreeFEM++

1 H1 / H1 Newton
2 ( , hook):
9.11.5_shape_elastic/2d-hook/domain_integral/grad/

9.11.5_shape_elastic/2d-hook/domain_integral/Newton/

2 : 1 / 2
3 ( , cantilever):
9.11.5_shape_elastic/3d-cantilever/boundary_integral/grad/

main.edp
fespace Vh(Th,[P2,P2,P2]);//Finite element space
fespace Vh(Th,[P1,P1,P1]);//Finite element space

3 : /
2 ( , L-shape):
9.11.5_shape_elastic/2d-L-shape/boundary_integral/grad/

9.11.5_shape_elastic/2d-L-shape/domain_integral/grad/
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